ABSTRACT Mathematical modeling or numerical coding of the molecular structures play a significant role in the studies of the quantitative structure-activity relationships (QSAR) and quantitative structures property relationships (QSPR). In 1972, the entire energy of π -electron of a molecular graph is computed by the addition of square of degrees (valencies) of its vertices (nodes). Later on, this computational result was called by the first Zagreb index and became well studied topological index in the field of molecular graph theory. In this paper, for k ∈ N (set of counting numbers), we define four subdivision-related operations of graphs in their generalized form named by S k , R k , Q k and T k . Moreover, using these operations and the concept of the cartesian product of graphs, we construct the generalized F k -sum graphs 1+F k 2 , where F k ∈ {S k , R k , Q k , T k } and i are any connected graphs for i ∈ {1, 2}. Finally, the first and second Zagreb indices are computed for the generalized F k -sum graphs in terms of their factor graphs. In fact, the obtained results are a general extension of the results Eliasi et al. and Deng et al. who studied these operations for exactly k = 1 and computed the Zagreb indices for only F 1 -sum graphs respectively.
I. INTRODUCTION
Topological indices (TI's) are graphical invariants that relate a numeric number to a graph which is structurally invariant. TI's predict the chemical reactivities, bioactivities and physical features of the molecular and computer based graphs such as heat of evaporation & formation, point of melting, boiling & freezing, solubility, surface tension, weight, critical temperature, density, connectivity, stability and polarizability. A number of nano-materials, crystalline-materials and drugs which are used in different industries including of pharmaceutical are analyzed on the base or assistance of the TI's, see [4] - [6] , [8] , [10] , [11] , [18] , [23] .
Moreover, TI's are found as important tool in the studies of the quantitative structure activity relationships (QSAR) and quantitative structures property relationships (QSPR) which link a molecular's structure to its biological property.
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This link or relation can be formulated as P = φ(S), where P is a property (biological or chemical measurement value), S is structure of a molecule and φ is a function that depends upon the structure S of a molecule. For further study, we refer to [8] , [12] , [13] .
For the study of the boiling point of paraffin, Wiener defined the first TI [3] . Gutman and Trinajsti [15] computed the entire energy of π -electron of a molecule by the addition of square of degrees (valances) of the vertices (nodes) of its structure. In the literature, this addition is known as first Zagreb index. Since that time, various remarkable TI's are derived in chemistry, see [14] , [16] . There are various types of topological indices but degree-based TI's are most familiar than others, see the latest survey [17] .
In computational graph theory, the operations of graphs such as intersection, union, product, complement, switching, subdivision, addition and deletion are frequently used in the construction of the new families of graphs, see [7] . In particular for a connected molecular graph , Yan et al. [8] presented the operations (S 1 , R 1 , Q 1 , T 1 ) related to the subdivision of at the same time with reference to their edge and vertex sets and obtained the Wiener index of with respect to these operations. Later on, for F 1 ∈ {S 1 , R 1 , Q 1 , T 1 }, Eliasi and Taeri [9] defined the F 1 -sum graph 1 +F 1 2 using cartesian product on the graphs F 1 ( 1 ) and 2 . They also discussed the Wiener indices of the F 1 -sum graphs 1 +S 1 2 , 1 +R 1 2 , 1 +Q 1 2 and 1 +T 1 2 . Moreover, Deng et al. [20] , Akhtar and Imran [21] and Liu et al. [1] computed the first & second Zagreb index, forgotten index and first general Zagreb index of the mentioned earlier F 1 -sum graphs respectively. For more study, see [24] - [27] .
In this paper, for the counting number k ≥ 1, we define the generalised version of the subdivision related operations of graphs presented by the symbols of S k , R k , Q k and T k . Moreover, using these operations and the concept of cartesian product of graphs, we construct the generalized
i are any connected graphs for i ∈ {1, 2}. Finally, the first and second Zagreb indices are computed for the generalized F k -sum graphs in terms of their factor graphs. The rest of the paper is settled as; Section II consists on the basic definitions and terminologies, Section III includes the main results and Section IV contains the conclusion with the applications of the obtained results.
II. PRELIMINARIES
Let = (V ( ), E( )) be a simple and connected molecular graph with the vertex set and edge set V ( ) and E( ) ⊆ V ( ) × V ( ) respectively such that each vertex u ∈ V ( ) is known as atom and bonding between the atoms is called edge. The cardinalities of the vertex set (|V ( )|) and the edge set (|E( )|) are order and size of . The number of incident edges on a vertex v ∈ V ( ) is called its degree (d (v)). A path is a graph of order n with vertex set {w i : 1 ≤ i ≤ n} and edge set {w i w i+1 : 1 ≤ i ≤ n − 1}. Now, we define some degreebased TI's as follows:
Definition 1: Let be a molecular graph, then its first and second Zagreb indices (denoted by (M 1 ( )) and (M 2 ( ))) are defined as
Gutman and Trinajsti [15] defined these indices which are later used to find out the structural characteristics of the graphs like complexity, connectivity, chirality, branching, hetero-systems, and energy, see [12] , [13] . Now, we define the four generalized operations of graphs. Assume that is a graph and k ≥ 1 is a counting number.
• The graph S k ( ) is obtained by the addition of extra k vertices in each edge of .Thus, each edge of becomes a path of order k + 2 in S k ( ) having k newly added vertices and 2 vertices of . • Take |E( )| paths each of order k. To obtain R k ( ), we distribute a path to each edge of such that the end vertices of each path are joined to the end vertices of the corresponding edge.
• The graph Q k ( ) is obtained from S k ( ) by joining each newly added vertex of an edge of to the corresponding newly added vertex of the edge of if these edges have some common end vertex.
• Finally, T k ( ) is obtained after applying the operation Q k (joining the corresponding newly added vertices of the edges of which have some common end vertex) on R k ( ). For further clarification, see Figure 1 for k = 4. 
in such a way that two vertices (u 1 , v 1 ) and (
, where k ≥ 1 is a counting number. We observe that the generalized F k -sum graph 1 +F k 2 consists on |V ( 2 )| copies of the graph F k ( 1 ) which are labeled by the vertices of 2 . For further clarification, see Figure 2 and Figure 3 .
III. RESULTS AND DISCUSSION
Main results of the Zagreb indices for the generalized F k -sum graphs 1 +S k 2 , 1 +R k 2 , 1 +Q k 2 and 1 +T k 2 are presented in this section.
Theorem 3: Let 1 and 2 be two connected graphs such
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Since in this case |E(S 1 ( 1 ))| = 2|E( 1 )|, we have
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Theorem 5: Let 1 and 2 be two connected graphs such
where r is the number of neighbors which are common between u and v in 1 .
Proof:
So we have,
Now we take,
Now we split this sum into two parts for the vertices, x 1 and x 2 , where
. Assume that 2 = 3 + 4, where 3 cover the edges of Q k ( 1 ) which are in the same edges of 1 and 4 of Q k ( 1 ) in two different adjacent edges of 1 .
where x 1 and x 2 is the vertices that are inserted into the edges uv of 1 , and vw of 1 respectively.
Consequently, we have
Next,
Now we talk,
So,
where x 1 is the added vertex in the edge uv and x 2 is added vertex in the edges vw of 1
where r is the number of neighbors which are common vertices of u and v in ( 1 ). Consequently, we have
Theorem 6: Let 1 and 2 be two connected graphs such 
where r is the number of common neighbors of u and v in 1 .
IV. APPLICATIONS AND CONCLUSION
For l 1 , l 2 ≥ 4 and k = 4 assume that 1 = P l 1 and 2 = P l 2 are two paths of orders l 1 and l 2 respectively. The following results are direct consequences of the Theorem 3 to Theorem 6.
• M 1 (P l 1 +S k P l 2 ) = 32l 1 l 2 − 14l 1 − 30l 2 + 8, • M 2 (P l 1 +S k P l 2 ) = 46l 1 l 2 − 32l 1 − 46l 2 + 26 • M 1 (P l 1 +R k P l 2 ) = 52l 1 l 2 − 22l 1 − 56l 2 + 16, • M 2 (P l 1 +R k P l 2 ) = 108l 1 l 2 − 78l 1 − 144l 2 + 86, • M 1 (P l 1 +Q k P l 2 ) = 80l 1 l 2 − 14l 1 − 134l 2 + 8, • M 2 (P l 1 +Q k P l 2 ) = 160l 1 l 2 − 40l 1 − 318l 2 + 42, • M 1 (P l 1 +T k P l 2 ) = 20l 1 l 2 − 18l 1 − 14l 2 + 8, • M 2 (P l 1 +T k P l 2 ) = 232l 1 l 2 − 86l 1 − 434l 2 + 102.
In this paper, for k ≥ 1 first time four sub-division related operations (S k , R k , Q k and T k ) on graphs are defined in their generalized form. Moreover, the generalized F k -sum graphs 1 + S k 2 , 1 + R k 2 , 1 + Q k 2 and 1 + T k 2 are also defined with the help of these operations, where 1 and 2 are any two connected graphs. Mainly, we computed the first and second Zagreb indices of the generalized F k -sum graphs. The presented operations and results are general extensions of the studies of Eliasi and Taeri [9] and Deng et al. [20] who worked on these operations and results for exactly k = 1. However, the problem is still in the following directions:
• To compute the results for other molecular descriptors.
• To compute the results related to other types of product of graphs.
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